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Abstract

We prove the following rigidity result for the Tonelli Hamiltonians.

Let T*M be the cotangent bundle of a closed manifold M endowed with its usual sym-
plectic form. Let (F,) be a sequence of Tonelli Hamiltonians that C° converges on the
compact subsets to a Tonelli Hamiltonian F. Let (G,,) be a sequence of Hamiltonians
that that C° converges on the compact subsets to a Hamiltonian G. We assume that
the sequence of the Poisson brackets ({F,,Gy,}) C°-converges on the compact subsets
to a C! function H. Then H = {F,G}.
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1 Introduction

For two C? functions H,K : N — R defined on a symplectic manifold (N,w) (such
functions are usually called “Hamiltonians”), their Poisson bracket {H, K} is

{H,K} :w(XH,XK)

where X designates the symplectic gradient of H defined by dH = w(Xp,.). Hence
the Poisson bracket is given by {H, K} = dH(Xg) and describes the evolution of H
along any orbit for the Hamiltonian flow of K. The Poisson bracket is clearly continuous
for the topologies (H,K) € C'(N,R) x C*(N,R) — {H,K} € C°(N,R).

In his PhD thesis [9], V. Humilere asks the following question concerning a possible
CO rigidity for the Poisson bracket:

Question 1. (V. Humiliére) Let (Fy), (Gk) be two sequences of C*° functions such
that (Fy,) C°-converges to F € C®(N,R), (Gy) C°-converges to G € C*°(N,R) and
({Fk,Gr}) C-converges to H € C°°(N,R). Do we have {F,G} = H?

The answer to this question is in general negative and some counter-examples due
to L. Polterovitch are provided in [10].
However, F. Cardin and C. Viterbo give a positive answer in [4] when H = 0 and all
the considered Hamiltonians have their support contained in fixed a compact set.
By introducing a notion of pseudo-representation, V. Humiliére obtains in [10] results
that contain the previous one. Fix a closed manifold M and a finite-dimensional Lie al-
gebra (g, [.,.]), a pseudo-representation is a sequence of morphisms p,, : g — C*°(M,R)
such that for all f, g € g, the sequence ({pn(f), pn(9)} — pn([f,g])) converges uniformly
to zero. Humilere proves that the limit of a convergent pseudo-representation is a
representation. In other word, assuming that there is a morphism p : g — C*°(M,R)
such that any sequence (p,(f)) uniformly converges to p(f), he proves that

Vf,9 € g {p(f),p(9)} = p(f,9));

e that {Jim_ p(), Tim pu(9)} = Jim {pulf). pu(9)}

In [2], L. Buhovski proves that if (f,) and (g,) are C* functions that uniformly
converge on every compact subset of N to the smooth functions f and g, and if the
sequences (D f,), (Dgy,) are uniformly bounded on any compact subset of N, then we
have

Jl_)rgo{fna gn} = {fa g}'

We will describe here a new case where question 1 always has a positive question: the
case where one of the considered sequence is a sequence of Tonelli Hamiltonians that



CO-converges to a Tonelli Hamiltonian. We will too give a simpler proof of a part of
Buhovski’s result.

NoOTATIONS. Let M be a closed manifold and let T* M be its cotangent bundle endowed
with its usual symplectic form w that is the derivative of the Liouville 1-form. We use
the notation (q,p) € T*M and then w = dg A dp.

The first projection is denoted by 7 : (¢,p) € T*M +— q € M.

DEFINITION. A C2 function H : T*M — R is a Tonelli Hamiltonian if it is:

e superlinear in the fiber, i.e. VA € R,3B € R,VY(q,p) € T*M,|]p|| > B =
H(q,p) = Allpl;

e C%-convex in the fiber i.e. for every (¢,p) € T*M, the Hessian %2712{ of H in the
fiber direction is positive definite as a quadratic form.

We denote the Hamiltonian flow of H by (¢f!) and the Hamiltonian vector-field by
Xu.

Note that the class of Tonelli Hamiltonian contains all the Riemannian metrics
and all the mechanical systems (Riemannian metric + potential). The class of Tonelli
Hamiltonians has been recently intensely studied in the setting of weak KAM theory.

Theorem 1. Let (F)) be a sequence of Tonelli Hamitonians defined on T*M such
that (F},) C°-converges on the compact subsets of T*M to a Tonelli Hamiltonian F €
C?(T*M,R), let (G) be a sequence of C* Hamiltonians of T*M that C°-converges on
the compact subsets of T*M to G € C*(T*M,R) and such that ({F}., G1.}) C°-converges
on the compact subsets of T*M to H € C°(T*M,R). Then {F,G} = H.

REMARK. We prove in lemma, 1 that the C° convergence of (Fy) to I and the convexity

hypothesis imply the C%-convergence of 88% to (?9—1;. But we don’t have the convergence

of the 88%; then this theorem is not a consequence of theorem 2.

Theorem 2. Let (N,w) be a (non necessarily compact) symplectic manifold. Let (Fy,),
(G}) be two sequences of C? Hamitonians defined on N such that (G},) C°-converges on
the compact subsets of N to G € C%(N,R), (Fy) C'-converges on the compact subsets
of N to F € C?>(N,R) and ({Fy,Gy}) C'-converges on the compact subsets of N to
H € C°(N,R). Then {F,G} =H.

Theorem 25.7 of [11] asserts that if (F},) is a sequence of C! and convex functions
defined on R” that C%-converge to a C'! and convex function F on any compact subset,
then the convergence is C' on any compact subset of R”. We deduce:

Corollary. Let (Fy), (Gy) be two sequences of C* Hamitonians defined on R?" such
that (G) C%-converges on the compact subsets of R*™ to G € C?(R?*",R), (F}) C°-
converges on the compact subsets of R?" to F € C%*(R®*",R), the F} are conver and
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({Fk,Gr}) C°-converges on the compact subsets of R*™ to H € CY(R®*",R). Then
{F,G} =H.

Theorem 1 concerns Tonelli Hamiltonians and is new. Theorem 2 is a consequence
of the result due to L. Buhovsky (see [2]) that we explained before, but we give here a
simple proof, that uses the simple principle.

Ideas of proofs

Contrarily to what happens in the works that we mentioned above, we won’t use here
any result of symplectic topology, as symplectic capacities, displacement energy. ..
We use

1. the following simple principle:

Simple principle: wunder the hypotheses of question 1, if for any © € N,
there exists a T > 0 and a sequence of points (xy) such that the arcs of or-
bits (pF* (Tk))tefo,] converge in some reasonable sense to (@f(x))te[O,T}; then the
answer to question 1 1s positive.

If we have a good enough notion of convergence, the proof of this principle is not
complicated and propositions 2 and 3 are some versions of this principle.

2. for theorem 1, we use some subtle variational arguments to prove that the hypoth-
esis of the simple principle is satisfied; for theorem 2, we just use straightforward
arguments coming from the theory of ordinary differential equations.

Plan

e In section 2, we give the precise statements of the propositions that we need to
prove theorems 1 and 2.

e Section 3 is devoted to the proof of proposition 1 that asserts that every C°-
convergent sequence of Tonelli Hamiltonians satifies the hypotheses of the simple
principle.

e In section 4, we prove the simple principle, i.e. propositions 2 and 3, in the
considered cases.

Acknowledgments. 1 am grateful to the referees for many improvements of the
article.



2 Structure of the proofs of theorems 1 and 2

2.1 How two propositions imply theorem 1

We will prove the two following propositions in sections 3 and 4. The first one uses vari-
ational arguments to state that if a sequence of Tonelli Hamiltonians (Hy) C%-converges
to a Tonelli Hamiltonian H, then the “small” arcs of orbits for H are approximated in
some sense by some small parts of orbits for the Hy.

Proposition 1. Let (Hy)ren, H be some C? Tonelli Hamiltonians defined on T*M
such that (Hy) C°-converges on the compact subsets of T*M to H.

Then, for every (q,p) € T*M, there exists T > 0 and (qr,pr)ken € T*M such
that a subsequence of the sequence of arcs (Qi, Pr) = (or'* (qr> Pr))tefo,r) converges to
(Q,P) = (¢t (¢, p))teo,r) in the following sense (here we are in a chart because all is
local and we denote the subsequence in the same way we denoted the initial sequence):

e (Qr) C°-converges to Q;
o (Py) converges to P in the L? sense;

o the (Qk, Py) are uniformly C° bounded.

The second proposition is a version of what we called previously the simple principle.
The proof is elementary.

Proposition 2. Let (F}) be a sequence of C? Hamiltonians defined on T*M and let
F be a C? Hamiltonian such that:
for every (q,p) € T*M, there exists T > 0 and (qx,pr)ken € T M such that the

sequence of arcs (Qr, P) = (¢} " (ak, pi))eco.r] converges to (Q, P) = (o (4,p))cpor)
in the following sense:

o (Qr) C°-converges to Q;
e (P,) converges to P in the L? sense;
o the (Qi, Py) are uniformly C° bounded.

Let (Gy) be a sequence of C* Hamiltonians of T*M that C°-converges on the compact
subsets of T*M to a C? Hamiltonian G and that is such that the sequence ({Fy,Gy})
CP-converges to some H € CO(T*M,R).

Then {F,G} = H.

Theorem 1 is clearly a consequence of propositions 1 and 2.



2.2 How two propositions imply theorem 2

To prove theorem 2, we will prove that if (F}) satisfy the hypothesis of theorem 2, then
it satisfies the hypothesis of proposition 3 below .

Proposition 3. Let (N,w) be a (non necessarily compact) symplectic manifold. Let
(Fy) be a sequence of C? Hamiltonians defined on N and let F be a C? Hamiltonian
such that:

for all x € N, there exists T > 0 and a sequence (x) € N such that the sequence of
arcs of orbit (ol (zk))teo,r) C-converges to (of (x))iepo,r)-

Let (Gy) be a sequence of C? Hamiltonians of N that CY-converges on the compact
subsets of N to a C? Hamiltonian G and that is such that the sequence ({Fy,Gy})
CP-converges on the compact subsets of N to some H € CO(N,R).

Then {F,G} =H.

Let us be more precise.

DEFINITION. Let X be a locally Lipschitz vectorfield on N. A C! arc v : [a,b] = N
is an e-solution for X if Vt € [a,b], |7/ (t) — X (v(¢))| < e.

If for example the vector fields X; and X are e-close, every solution for Xs is an
e-solution for Xj.
The following proposition is classical (see for example section 6.2.2. of [8]):

Proposition 4. Assume that the vector field X is Lipschitz on R™ with Lipschitz
constant K. Let v; : [a,b] — R™ be a g;-solution for X for i = 1,2. We assume that
for some T € [a,b], we have d(~1(7),v2(7)) < 6. Then we have:

M(emt—ﬂ —1).

Vt € [a, ], d(y(t),72(t) < 61T+
Let now (Fy), F be C? Hamiltonians on N such that (F},) C'-converges to F. Using
proposition 4, we will prove:

Lemma. for all x € N, there exists T > 0 and a sequence (x) € N such that the
sequence of arcs of orbit (gpf’“ (xk))te[o,T] CO-converges to (gof(x))te[O’T].

Then the conclusion of theorem 2 follows from this and proposition 3.
Proof of the lemma. Let us fix o € N. Then we choose a chart U = B(zg,r) at
zg, and T > 0 such that sup || Xg(2)||.T < r. As (Fy) C'-converges to F, we have

x€B(xo0,r)
for k large enough:  sup || X, (2)|.T" < r. This implies that
x€B(z0,r

Vvt € [0,T), pF* (o) € B(wo, 7).
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Moreover, (pf ¢ (70))tefo, is a ex-solution for Xy wheree, =  sup || Xp, (z) — Xp(2)].
z€B(zo,r)
We deduce from proposition 4 that for k large enough

vt € (0,77, d(g;* (w0), of (w0)) < 5’% Kt 1)

where K is a Lipschitz constant for Xpp(ggr)- As hm er = 0, we obtain the wanted
k—o0

conclusion. I

3 Proof of proposition 1

We assume that (Hy) C°-converges on the compact subsets of T*M to H. We will use
the following lemma, that is in the spirit of theorem 25.7 of [11].

Lemma 1. Let (F},) be a sequence of C? functions defined on T*M that are C? convex
in the fiber direction and that C°-converges on the compact subsets of T*M to a C?
function F : T*M — R that is C? convex in the fiber direction. Then (%) CO-

converges to %—5 on the compact subsets of T*M .

Proof of lemma 1. If not, by possibly extracting a subsequence, we find a compact
subset K C T*M, ¢ > 0 and a sequence (g, pr) € K such that:

8Fk oF

Extracting a subsequence, we can assume that lim (qk, Pk) = (Goo, Poo) and that we are

in a chart K = Ko X B(poo, R) C M x R™. Then we choose K = Ko X B(poo, 2R) that
contains K in its interior. We choose a > 0 such that B, = B((¢oo; Peo), 20) C K and:

~ ||OF OF €
Va € Ba, 8—p($)—8—p(%mpoo) <77:§-
As H L (g, pr) — a—g(qk,pk)H > 2¢, we can find uy € R™ such that |lug|| =1 and

OF, oF
— - U > €
( o (qk>Dr) ap (qk,pk)> up > €;

l.e. OF, ( . 8F( s
ap Qk, k) Uk 2 ap 4k, Pk) Uk T €.



Using the fact that F}, is C? convex in the fiber direction, we deduce:

Fie(qr, pi + o) Fr(an, pr) + %5 (qr, pr) -wi
a.e + Fio(qr, pr) + %5 (r, pr)-ux

ae + Fy(gr: pr) + @ (doos Poo) -tk — 1)

AVARAVARAY]

Extracting a subsequence, we can assume that (uy) converges to u~,. We then take
the limit and obtain:

oF 20
F(qoo,poo + a-uoo) - F(Qwapoo) - Oéa_p((bo,poo)uoo > O‘(e - 77) = 5

But we have:

1
= o <?9_§(qoo7poo +taus) — %_i(QOmpoo)) Usodt <y = %

and this is a contradiction.

1l
We deduce from lemma 1 that the sequence (66%) CP-converges on any compact

subset of T* M.

Let us recall some well-known fact concerning Tonelli Hamiltonians that are proved
for example in [7]. To any Tonelli Hamiltonian H (resp. Hj) we can associate a
Lagrangian L : TM — R (resp. L : TM — R) that is defined by:

V(g,v) € TM, L(q,v) = sup (p.v— H(q,p)).
pETF M

Then L and Ly, are C?, C?-convex and superlinear in the fiber direction.
If we denote by L, : Ty M — T;M the Legendre map p — %—I;(q,p) (that is a C'-
diffeomorphism), we have the equivalent formula:

L(g,v) = L' (v).v = H(g, L (v))-

Let us recall that the Euler-Lagrange flow associated to L is ff = Lo pf o L71 (see
the notation £ just below) and that if (¢;,p) is an orbit for the Hamiltonian H, the
corresponding orbit for L is (g, G¢)-

We know that £7* : (q,p) — (q,aa—h;’“(q,p)) = (q,ﬁfk(p)) CO-converges on the
compact subsets of T*M to L : (q,p) — (q,L4(p)). The following lemma implies that
((£LH%)=1) CO-converges to L' on any compact subset of TM and then that (Ly)
CP-converges to L on any compact subset of TM.



Lemma 2. Let (hy) be a sequence of homeomorphisms from T*M to TM that C°-
converges on any compact subset of T*M to a homeomorphism h. Then the sequence
(h;l) CO-converges on any compact subset of TM to h™'.

Proof of lemma 2. If not, by possibly extracting a subsequence, we can find a
sequence (yi) in TM that converge to Yoo € T'M such that:

Vk, d(hi ' (yr), b~ (yk)) > 2¢ > 0.
As h is a homeomorphism, there exists Ry > Ry > 0 such that:
Vo € T M, d(h ™ (yoe), 2) > Rz = d(yoos h(x)) > de

and
Vo € T*M,d(h ™ (Yoo), ) < Ry = d(yoo, h()) < €.

As (hy) C°-converges on any compact subset of T*M, for k large enough, we have:
h(B(h (o), R1)) © B(yoc,€) and
hi(B(h ™ (yoe), 2R\ B(h™ (o), B2)) © TM\B (g, 22).
Hence %;, ' (B(Yoo,€)) is a connected subset of T*M that meets B(h™(yso), R1) but
doesn’t meet B(h™!(yoo), 2R2)\B(h ™ (yoo), R2). This implies that hy ' (B(yeo,€)) C
B(h™ (yoo), Ra) -

As the sequence (yi) converges to Yoo, we may assume that d(yx,yo) < €. Hence
d(h ™ (yoo), by, ' (yk)) < Ra, the sequence (h; '(y)) is bounded, we can extract a sub-
sequence that converges to xo,. Then we have

o d(To, h 1 (yso)) > 2¢ by taking the limit in the first inequality;
¢ d(A(20),Yoo) = lim d(hx(hy " (uk)), yk) = 0.

We have found two points 7o, # h™1(yso) that have the same image by the homeomor-
phism h. This is impossible.

I

Let us fix (q,p) € T*M. By Weierstrass theorem (see for example [7]), there exists
7 > 0 such that the arc v : [0,7] — M defined by v(t) = 7 o ¢} (g, p) is action strictly
minimizing for the Lagrangian L , i.e. such that for every other absolutely continuous
arc 1 : [0, 7] — M that has the same endpoints as -y, we have:

Aply) = /0 " L) 4 (B)dt < Ag(n) = /0 " L), n(e))dt.

For any k € N, by Tonelli theorem (see [7]), there exists an arc v : [0,7] — M such
that v,(0) = ¢ and ~v(7) = v(7) that minimizes (non necessarily strictly) the action



for the Lagrangian L; among all the absolutely continuous arcs that have the same

endpoints as ;. Then there exists a unique py, € T, M such that: v (t) = Wogpfk (q,pr)

and we have () = %((pfk(q,pk)). We define: m, = sup |L(y(t),%(t))]. We will
te|0,7

prove o

Lemma 3. There exists a compact subset Ko = {H o L7 < C + 2} of TM that

contains all the (yi(t), Yk (t)) and (y(t),5(t)) fort € [0,7] and we have

kgrfoo Ar(vk) = AL(v).

Proof of lemma 3.

As (L) C°-converges to L on the compact subsets of T'M, for k large enough, we have:
Ar, (v) < 7(m;+1) and then Ay, (7%) < 7(m; + 1) because -y, is minimizing for Ly.
Because L is superlinear and convex in the fiber direction, there exists R > 0 such that

V(q,v) € TM,|v|| > R = L(q,v) > M, = sup {mT + 3, sup |L(q,0)| + 1} )
qeEM

Because Ly, is convex in the fiber direction, we have for ||v| > R

Lu(a:0) 2 Lela,0) + (Luta, R — a0 ) L2

Because (L) C°-converges to L on the compact subsets of TM, for k large enough,

we have
v

V(q,v), Lk(q,0) > =M, and Lk(q,Rw) — Li(q,0) > 1.

We deduce for k large enough and ||v|| > R
v|| - R
Li(q,v) > % - M-
and then for a certain R* > R , we have

Vo ol = B* = Li(g.v) > M.

For k large enough, we have Ay, (v;) < 7(m,+1) and then for a ¢, € [0, 7] we have

I9% (k) || < R*. We introduce the constant C' = ” s”u% H(L %(q,v)) and the compact
v||<R*

subsets K1 = {HoL ! < C+1}, Ky ={HoL ' <C+2}and K3 = {HoL™! < C+3}
of TM. As H is convex on the fiber directions the intersection of K; with a fiber is a
topological ball. As (Hyo (L£L7*)~1) C%converges to Ho L' on K>, for K large enough
we have

3
V(q,v) € K3\Ky, Hy 0 (ﬁH’“)_l(q,v) >C + 3
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and
3
Vq,3(q,v) € K1, Hpo (L") (qv) < C + 3

As Hj is convex in the fiber direction, the set {Hj o (£7*)~! < C + 1} is connected
and doesn’t meet the boundary of Ko; hence &, = {Hy o (LH¥)~! < C + 1} C K».

The set & is invariant by the Euler-Lagrange flow of Ly (the energy is invariant);
we know that |9k (t)|| < R* and Ho L™ (v (tk), 3% (tx)) < C, hence for k large enough:
Hy o (L) (v (t), e (t)) < C + 1 and then (yy,(tr), x(t1)) € E C K> and

vt e [0’7—]’ (r)/k(t)’ryk(t)) €& C Ka.

We introduce the notation e = sup |Lg(q,v) — L(g,v)|. We have then:
(gv)€K
Arp(vi) < Ap,(ve) + e < A, (v) + 1e < Ap(y) + 27e,. We deduce that

klim Ar(vk) = Ar(y). Let us notice that we obtain the same result by replacing
——+o00

7 by any smaller 7. []

REMARK. Let us explain the link between the previous proof and some proofs that
are given by P. Bernard in [1]. He introduces a notion of “uniform families of Tonelli
Hamiltonians” that satisfy in particular

(i) there exist ho, hy : RT — R that are superlinear such that for every Hamiltonian
H of the family

ho(llpll) < H(g,p) < ha(llpll);

(i) there exists an increasing function k : Rt — R, such that if [¢| < 1 and (p5) is
the flow associated to a Hamiltonian of the family, then

pr({llpll < 7} < {llpll < E(r)} <T"M.

It is easy to prove that if the sequence (H,) of Tonelli Hamiltonians C%-converges on
the compact subsets to a Tonelli Hamiltonian H, then the family {H,,} satisfy (i) and
(ii). With these conditions, P. Bernard proves in [1] (see (B5))a result that implies the
first part of lemma 3: the minimizers in time [0, ¢] of all the Hamiltonians of the family
have a derivative that is uniformly bounded.

Let us now give the proof of proposition 1 that is

Proposition. 1 Let (Hy)ren, H be C? Tonelli Hamiltonians defined on T*M such
that (Hy) C°-converges on the compact subsets of T*M to H.

Then, for every (q,p) € T*M, there exists T > 0 and (qr,pr)ken € T*M such
that a subsequence of the sequence of arcs (Qy, Pr) = (gof’“ (@k> Pr))teo,T) converges to
(Q,P) = (gptH(q,p))te[QT} in the following sense (here we are in a chart because all is
local and we denote the subsequence in the same way we denoted the initial sequence):
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o (Qr) C°-converges to Q;
o (P) converges to P in the L? sense;

o the (Qi, Py) are uniformly C° bounded.

Lemma 3 implies that the family (y%) is equicontinuous (see [7]) and then C°-
relatively compact by Ascoli theorem. A classical result (see corollary 3.2.3. in [7])
asserts that Ay is lower semi-continuous for the C°-topology. This implies that every
limit point of the sequence (q;) is v and then that () C°-converges to . Assuming
that k is large enough, we can then assume that all the 4;’s and ~ are in a same chart
B(7(0), R). We have proved too that the 4; are uniformly bounded.

Let us now prove that (4x) converges to 4 for [.||2. The method that we use was
suggested by Patrick Bernard.
We use the notation p(t) = (£7)~1(y(t),4(t)). Using the method of characteristics (see
for example [7]), it is easy to build in some neighbourhood of 7(0) a C? local solution
ug : B(v(0),r) — R of the Hamilton-Jacobi equation such that du(y(0)) = p(0) (with
t € [—7, 7] with an possibly smaller 7); we have then

Y € BO(0),7), 24 q) + Hig. dus(a) = 0.

As v is a solution of the Euler-Lagrange equations for L, note that we have the equality
in the Young inequality

H(y(t), dug (y(t))) + L{y(t), 7(t)) = dug(y(2))y(t);

integrating the two previous equalities, we deduce that for every ¢ € (0, 7], we have

AL(og) = w(v(t)) — uo(7(0)).

Now, Young inequality gives
L(q,v) + H(q,dut(q)) — dug(q)v > 0.

The second derivative with respect to v of the above function is bounded from below
on every compact subset. Hence there exists C' > 0 such that

¥(g,v) € Kanm™H(B(y(0),7)), L(g, v)+H (g, du(q)) —duy(q)v = Cllo— (L) (du(a))II;

ie.

Ouy

Y(q,v) € Ko N~ Y(B(v(0),7)), L(g,v) — =

(@) — dur(q)v > Cllv — (L)} (due (a)) >
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We take (q,v) = (7(t),4x(t)) and integrate between 0 and 7

Ap (k) = (ur (W (7)) — uo(71(0)) = C/OT 1k (8) = (L)~ (due (v (1)) | *dt.

As (k) uniformly converge to +, the left hand term converges to zero when k tends
to oo and ¢ — (LT) 7 (dus(x(t))) uniformly converges to () = (L)~ (dug(y(t))).
We deduce that
lim [l4 — ]2 = 0.
k——+o00

REMARK.  As suggested by the referee, we suggest another possible proof of the
convergence for ||.||2. We don’t assume that H has any polynomial growth in the fiber
direction. But by using [5], we can easily modify H outside a large enough compact to
obtain a H with quadratic growth. In this case, it is possible to use proposition 3.10
p 123 of the book [3] by G. Buttazzo, M. Giaquinta & S. Hildebrandt to obtain the
convergence for ||.||2.

The Lagrangians Ly, L are C?-convex in the fiber direction and the sequence (Ly)

CO-converges on any compact subset of TM. Hence, by lemma 1, the sequence (aal;’“)

CP-converges on any compact subset of TM to g—{j. We deduce that (Lpf (¢, k) )iejo,r =
(v(t), 88];’“ (7(t), 7% ()))tejo,7) 18 uniformly bounded and converges to (0 (q, P))elo,r) =
(v(t), g—%(y(t),ﬁ(t)))te[oﬂ for the distance that is the sum (we are in a chart) of the
uniform distance of M and the ||.||2 distance in the fiber direction. Indeed, if we use

the notation ¢;, = supg, | %—5 - %H and if ¢ is a Lipschitz constant for %—5 on Ky, we
have (in a chart)
oL . .
15 (v i) — %ﬁ(gﬂ)“z . . .
< 115G ks ) — 3 (v W)ll2 + 155 (v ) — 35 (1 D)2

< Ve L (VT — Yleo + 11 — Fll2)

4 Proof of propositions 2 and 3

4.1 Proof of proposition 2
We recall proposition 2

Proposition. 2 Let (F},) be a sequence of C* Hamiltonians defined on T*M and let
F be a C? Hamiltonian such that:
for every (q,p) € T*M, there exists T > 0 and (qx,px)ken € T*M such that the

sequence of arcs (Qr, P) = (¢} " (ak, pi))iefo.r] converges to (Q, P) = (o (¢,))epor)
in the following sense:
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o (Qr) C°-converges to Q;
e (Py) converges to P in the L? sense;
o the arcs (Q, Py) are uniformly C° bounded.

Let (Gy) be a sequence of C? Hamiltonians of T*M that C°-converges on the compact
subsets of T*M to a C? Hamiltonian G and that is such that the sequence ({Fy,Gy})
CP-converges on the compact subsets of T*M to some H € C°(T*M,R).

Then {F,G} = H.

Let (Fy), F, (Gk), G as in the hypotheses of proposition 2.

Let (¢,p) € T*M be a point. We want to prove that {F,G}(q,p) = H(q,p).

We associate T, (qx, pr), (@, P), (Qk, Px) to (q,p) as above. As (Pj) converges to P
in the L? sense, (P}) has a subsequence (also denoted by (Py)) that converges almost
everywhere to P. Because (Gy) converge to G on the compact subsets and the Py are
uniformly bounded, we deduce that for almost every s < t in [0, 7], we have

GQD, P(1) = Q). P(s) = Tim (Gr(@k(D), Pu(t)) — G(Qi(s), Pi(s))

= lim /{Gk,Fk}O(Qk(U),Pk(U))dU-

k——~4o00

Note that

Ji (G, Fi} 0 (Qu(0), Pie(0)) + H(Q(0), P(0)))do
JoUGrs Fi} + H)(Qi(0), Pk(d))da‘ + [ (H(Qk(0), P(0)) = H(Q(0), P(0)))do| .

<

The first term tends to 0 because of the convergence of ({Fi, G }) to H on the compact
subsets and the second one tends to 0 by the Lebesgue dominated convergence theorem.
We finally obtain for almost every s, t

t
G(Q(), P(1) - G(Q(). P) = - [ H(@0). Plo))do
and by continuity the result for all s, t. Differentiating at O with respect to ¢, we obtain

{G, F}(q,p) = —H(q,p)-

4.2 Proof of proposition 3

The idea is exactly the same as for proposition 2. the proof is simpler because we
assume a C” convergence. Let us recall proposition 3.

14



Proposition. 3 Let (N,w) be a (non necessarily compact) symplectic manifold. Let
(Fy) be a sequence of C? Hamiltonians defined on N and let F be a C? Hamiltonian
such that:

for all x € N, there exists T > 0 and a sequence (xy) € N such that the sequence of
arcs of orbit (! (k))sefo,r] CO-converges to (of (2))iepo,r-

Let (Gy) be a sequence of C? Hamiltonians of N that CY-converges on the compact
subsets of N to a C? Hamiltonian G and that is such that the sequence ({Fy,Gy})
CP-converges to some H € CO(N,R).

Then {F,G} =H.

Because of the CO-convergence of (o} (zk))teo,r) 10 (©f (%))iefo,r], We can choose

a compact subset K of N that contains all the o} *(zy). As (Gj) C%-converges to G
on K, we have

Gleh) - G) = Tm_Guleft ) - 6w = Jim_ [ (G ) e )

k——+o00 k——+o00

As {Gy, F},} C°-converges to —H on K and (gpf’“ (Tk))tefo,1] CP-converges to (gof(x))te[o’;p],
we have

lim /{Gk,Fk} or /H%

k—4o00
Differentiating G(o%(z)) — = —fo ))dt with respect to T', we obtain
{G, F}(x) = —H(x). 0
References

[1] P. Bernard. The dynamics of pseudographs in convex Hamiltonian systems. J.
Amer. Math. Soc. 21 (2008), no. 3, 615-669.

[2] L. Buhovsky, The 2/3-convergence rate for the Poisson bracket. Geom. Funct.
Anal. 19-6 (2010), 1620-1649

[3] G. Buttazzo, M. Giaquinta & S. Hildebrandt, One-dimensional variational prob-
lems. An introduction Oxford Lecture Ser. Math. Appl. 15, The Clarendon Press,
Oxford university Press, New York, 1998.

[4] F. Cardin & C. Viterbo, Commuting Hamiltonians and Hamilton-Jacobi multi-
time equations, Duke Math. J. 144-2 (2008), 235-284.

[5] G. Contreras & R. Iturriaga, Convexr Hamiltonians without conjugate points Er-
godic Theory Dynam. Systems 19 , no. 4, (1999)901-952.

6] G. Contreras, R. Iturriaga, G. P. Paternain & M. Paternain, The Palais-Smale
condition and Mané’s critical values, Ann. Henri Poincaré 1-1 (2000), 655-684.

15



[7) A. Fathi, Weak KAM theorems in Lagrangian dynamics, book in preparation.

[8] J. H. Hubbard & B. H. West, Equations différentielles et systémes dynamiques,
Cassini, Paris, 1999 xiv+416pp

[9] V. Humiliere, Continuité en topologie symplectique, PhD thesis, july 2008

[10] V. Humiliere, Pseudo-representations, Comment. Math. Helv. 84-3 (2009), 571-
585.

[11] R. T. Rockafellar, Convex analysis. Princeton Mathematical Series, No. 28 Prince-
ton University Press, Princeton, N.J. 1970 xviii+451 pp

16



